we compare four different interpolation schemes to obtain the best precision with the identical initial parameters. An error-adaptive octree division is combined to improve the interpolation precision near the surface. As an example, we take the typical irregular-shaped near-Earth asteroid 4179 Toutatis to show the advantage of this method, as a result, we show that the efficiency can be increased by hundreds to thousands times with our method. In a word, this method can be applicable to other irregular-shaped asteroids and can greatly improve the evaluation efficiency.
INTRODUCTION
Asteroids are thought to be leftover planetesimals related to the precursor bodies which formed the planets in our solar system. The primitive asteroids may provide a record of the original composition of the solar nebula where the planets are born. And the water and organic matter can provide us important clues on the origin of life on Earth. In additions, the near-Earth asteroids, whose orbits may cross the Earth orbit, may pose a potential risk to human beings on Earth (Michel et al 2015) .
Through the ground-and space-based observations, the asteroid mission of flybys, rendezvous and landing, and laboratory analysis of return samples and all kinds of meteorites, we have made tremendous advances in the knowledge of asteroids (Nesvornỳ et al 2015) . Among these techniques, space missions can directly show the detailed information in the closest distance. Since the first close-up image of asteroid 951 Gaspra taken in 1971 by Galileo spacecraft en route to Jupiter, 13 asteroids (including dwarf planet Ceres and Pluto) have been explored by spacecrafts. On December 13, 2012, the Chinese lunar probe Chang'e-2 flew by Toutatis with a surface distance of 0.77 km (Huang et al 2013; Jiang et al 2015; Zhao et al 2015) . Recently, OSIRIS-REx was launched by NASA on September 8, 2016 and now is on its way to asteroid 101955 Bennu (Lauretta and Team 2012) . Besides, the Hayabusa 2 mission, launched by JAXA in December 2014, will arrive at asteroid 162173 Ryugu in July 2018 (Müller et al 2017) . Both of the spacecrafts will bring the sample dust from the asteroids back to Earth.
The gravity field is essential to understand the dynamical environment of the asteroid, especially for the orbit design of spacecraft near asteroid (in orbiting phase or landing phase). The images captured by the spacecrafts truly revealed the fact that most asteroids have irregular shapes, different from planets approximate to spherical shape. The irregular shape of the asteroids causes the difficulty in calculating its gravity field. The former investigations show that three major approaches of spherical/ellipsoidal harmonics expansion, polyhedral method and mascon approximation based on finite element representation, have been developed to evaluate the gravity. Among them, spherical harmonics method is based on series expansion (Kaula 1966; Lundberg and Schutz 1988; Hu et al 2015) , which may not converge inside the so-called Brillouin sphere (Brillouin 1933) . Though ellipsoidal harmonics expansion has larger convergence region (Romain and Jean-Pierre 2001; Garmier et al 2002) , the computation of ellipsoidal harmonics are not so straightforward and it does not fundamentally resolve the convergence problem. Recently, Takahashi and Scheeres (2014) proposed to use interior spherical harmonic expansion to extend the convergence region within the interior Brillouin sphere. However, this method is not suitable to be practically used due to its complexity. Assuming a constant density, polyhedral method may be utilized to precisely evaluate the gravity field (Werner and Scheeres 1996) . Mascon approximation uses collection of cubes or spheres to represent the true internal structure of asteroids (Park et al 2010; Chanut et al 2015; Zhao et al 2016) . However, both of them are computationally intensive, and situation will get worse if the number of the facets and vertexes or mascons increases. This problem is particularly concerned for large-amount simulations (such as Monte Carlo analysis) or smaller onboard computation ability due to its relatively light load on the processor.
Several techniques were proposed to minimize the computation time in polyhedral method, such as using simpler approximations to the more computationally intensive terms in the formula, or adopting a coarser shape model at the expense of accuracy (Cangahuala 2005; Weeks and Miller 2002) . In this work, we introduce Chebyshev polynomials interpolation to accelerate the computation efficiency (Mason and Handscomb 2002) , which has been widely used in numerical representation of planetary ephemerides for years, such as the DE-series ephemeris developed by JPL and the INPOP ephemeris developed by France (Folkner et al 2014; Fienga et al 2008) . Actually, it was initially put forward to speed up the calculation efficiency of Earth gravity by Smith and Lyubomirsky (1981) , in which Chebyshev expansions are applied only case for asteroids is quite different when considering the harmonics convergence problem above-mentioned.
Herein we will refine this method to make it suitable to deal with irregular-shaped asteroids by applying new schemes.
In Section 2, we will firstly introduce our method in detail, including the space partition method, the comparison of the four interpolation schemes and the error-adaptive octree division. In Section 3, we will show the computation efficiency and orbit integration precision with numerical simulations, by comparing the results with those of polyhedral method. Finally, we present a brief conclusion.
METHOD
In mathematics, the Chebyshev polynomials of the first kind are a sequence of orthogonal polynomials defined as the solutions of the Chebyshev differential equation (Rivlin 1990 ). They may be calculated recursively as follows
where the range of x is −1 ≤ x ≤ 1. Chebyshev polynomials are stable during evaluation, and they provide a readily apparent estimate of neglected terms on interpolation error. Besides the high computational efficiency, the resulting interpolation polynomial also minimize the Runge's phenomenon problem and provide an approximation that is close to the polynomial of best approximation to a continuous function under the maximum norm (Hernández 2001 ).
As mentioned above, Chebyshev polynomials are widely used in numerical representation of planetary ephemerides (Newhall 1989) . During the process, the range of time is segmented into contiguous intervals of fixed length and then the interpolation of rectangular coordinates is performed in each segment. Back to gravitational acceleration near an asteroid, it is similar to represent it as Chebyshev polynomials, except that we should consider three-dimensional Chebyshev polynomials interpolation in this situation. The basic formula is
where r, θ and ϕ are the three spherical coordinates in body-fixed reference system, i.e. radial distance, longitude and latitude, respectively.r,φ andθ are defined as
where r min , r max , ϕ min , ϕ max , θ min and θ max are minimal or maximal value of r, ϕ and θ of the domain.
T k are the Chebyshev polynomials defined in (1). F is gravitational acceleration vector and C
(1)
ijk are Chebyshev polynomials coefficients of each component with degree N (we have assumed the same
Division scheme
In our method, the space near asteroid is divided along r, θ and ϕ (we call it spherical division scheme hereafter). Asteroid 4179 Toutatis is a typical irregular-shaped asteroid, with dimension x = 4.60 km, y = 2.29 km and z = 1.92 km (Hudson et al 2003; Huang et al 2013) . Take Toutatis as example, the division is illustrated in Fig. (1) , where the range of each coordinate in each cell is represented as
In the illustration, the asteroid is divided uniformly along longitude and latitude direction (let ∆θ i = ∆ϕ i = α). However, in radial direction the range is picked so that it is nearly proportional to radial distance, i.e.
The trick above is based on the fact that the variation of gravitational acceleration is gentler at further distance, so we can use larger ∆r i for larger r, so as to reduce the storage amount of coefficients. The error of interpolation along radial direction will be shown hereinafter. In this scheme, we can use α and N to adjust the precision (both smaller α and larger N may reduce the error, but demand for larger storage), and r min , r max to constrain the domain we are interested in. Of course, r min is usually chosen as the minimal radial distance at the surface.
In programming, we only need to load the coefficients once, and then the computation time of F(r) almost only depends on N (as we can see in (2), the calculation is not related with α). The whole procedure includes coefficients generation and gravity calculation. Polyhedral method is used during the process of coefficients generation.
Comparison of four interpolation schemes
As we know, gravitational acceleration can be divided into central part and non-spherical part. Thus Eq.
(2) is modified as (Kaula 1966 )
where F 0 is the part that can be calculated analytically and K(r) is a scalar coefficient related to r. Let's Fig. 1 The illustration of division of the neighborhood space along the spherical coordinates directions, taking asteroid 4179 Toutatis for example. The red outlines show the division along some radial direction. The shape model is credited by Hudson et al (2003) .
where I1 is the same as Eq. (2), but I2 and I3 only fit non-spherical part. I3 also considers the characteristics that the generally largest zonal and tesseral harmonics gravitational acceleration F J2 and F J22 are inversely proportional to the fourth power of r (Kaula 1966 )
Besides, we may consider another interpolation scheme. In Eq. (6), (7) and (8), the gravitational acceleration is represented with rectangular components F x , F y and F z by default. However, we can also try to transform them to three components F r , F θ and F ϕ along the spherical coordinates, i.e.
Here A is the transformation matrix
in which R x (θ) and R z (θ) are defined as
Besides, we use the same value of scheme I3 for F 0 (r, θ, ϕ) and K(r). This is denoted as I4 scheme.
Now, let's compare the interpolation results for Toutatis. Set α = 10 • , N = 2, 3, 4, 5. The relative error δ F is defined as
where F is the gravitational acceleration calculated with polyhedral method (see Eq.15 in (Werner and Scheeres 1996) ) andF is the value by interpolation. The comparisons of δ F for the four interpolation schemes are shown in Fig. (2) , where δ F varies with r. In the results, relative errors reach maximum near the surface, which is because of the violent gravity change in this area. Anyway, we can see that I1 has the best result inside the asteroid. But outside, I3 is better than I1 and I2. While I4, plus a transformation on I3, has a better result than I3, especially for lower degree N . Because we only care about the gravity outside the asteroid for the most situations, here we recommend using I4 scheme in our method.
Comparison between spherical and rectangular division schemes
As Fig. (2) shows, for all of the four schemes, the relative errors generally do not increase with r when r/r e > 1, by which we show that the linear increase of radial range of each cell in Eq. (5) is a reasonable r max . Actually, we may estimate the storage amount of Chebyshev coefficients for a specific α and N . As illustrated in Fig. (3) , the speed of storage increment with r max is decreasing as r increases. That means we do not need to worry about the storage of coefficients too much when we need to consider a large r max .
Besides, as we can see in Fig.(2) , the error is satisfactory at large r. So we may not need to replace our method by switching to use spherical harmonic expansion to calculate the gravity at large r. The relative errors along z-axis (the position along the double-arrows) crossing each center of A, B and C are given in Fig. (4) , where N = 2, 4 and both spherical and rectangular division results are shown. We can see that the two division schemes almost do not show any difference in area A, but spherical division prevails in area B and C (For B area, the mean relative error ratios of spherical to rectangular division are 0.6 and 0.16 for N = 2 and N = 4, respectively, and For C area, the values are 0.72 and 0.18). This experiment concludes that spherical division scheme has an advantage over rectangular division far from the surface of asteroid, this is another reason we recommend using spherical division.
Combined with octree division
We have done the numerical experiments to show that I4 interpolation and spherical division scheme are good choices when we use Chebyshev polynomials to approximate the gravity near an irregular-shaped asteroid. Set N = 2 and α = 10
• , the profile of relative errors of Toutatis in plane y = 0 and x = 0 are shown in Fig. (5) . We can see that the relative error may increase to ∼0.1 near the surface and decrease to less than 0.001 for r > 3 km, which is consistent with the results given in Fig. (2) . To improve the (1) and (2), respectively. Table 2 The maximal relative errors of cell A, B and C. α = 10 • , and increase N from 2 to 6
A 1.13E-02 1.11E-02 6.36E-03 6.12E-03 3.91E-03 B 2.92E-06 7.63E-08 6.21E-10 2.70E-11 3.58E-13 C 1.09E-06 2.55E-08 1.51E-10 2.42E-12 4.99E-14 Fig. 5 The profiles of relative errors at y = 0 (left) and x = 0 (right) near asteroid Toutatis, where N = 2, α = 10 • . We have applied log 10 operation on the relative error. The interior gravity is not calculated.
The results show that for each halving of α, the maximal errors of B and C are reduced by 8∼10 times, while the value is up to 50 times for each increase of N from 2 to 6 on average. But the situation is totally different for A, where the errors are only reduced by less than 0.5 times for each halving of α, and the situation is even worse for the increase of N . For an illustration, the variation of F r with z in plane x = x A for different y are shown in Fig. (6) , where the dash lines mean the locations are inside the asteroid. The variations of F r with z are continuous curves, but obvious jumps occur at the adjacent area. So it is a natural result for area A when we use smooth curve (Chebyshev polynomials) to fit the not-so-smooth gravity. If we need to refine the precision near the surface, a natural choice is to only reduce the cell size in these areas (we do not choose to increase the degree N because this will cause the computation time enhancement, as we can see in Tab. (3)), but not reduce α globally, because the latter one will unnecessarily reduce the cell size far away from the surface and greatly increase the storage burden (a rise of 8 times of storage for each halving of α).
With the results above in mind, the spherical division scheme is refined by combining with adaptive octree division (Frisken and Perry 2002) , in which a tolerant error (denoted as δ tol ) is set in addition to α, N, r min and r max . The maximal relative error (δ max ) of each cell is evaluated during the division. If cells may have different size and they are managed by an octree data structure. The whole procedure of coefficients generation and gravity calculation of our method is illustrated in Fig. (7) .
For an experiment, set δ tol = 0.01, and then Fig. (5) is refined as Fig. (8) , where the maximal relative errors near the surface have been reduced to less than 0.01.
COMPUTATION EFFICIENCY AND PRECISION OF ORBIT INTEGRATION
Based on the procedures in Fig. (7) , we are able to generate the coefficients for asteroid Toutatis. Two important aspects of this method we are concerned are computation efficiency and error of orbit propagation.
Comparison of computation efficiency with polyhedral method
In our computation, the number of facets and vertexes of Toutatis' shape model are 6400 and 12796 (Hudson et al 2003) . After loading all the coefficients into memory, the computation efficiency almost only depends on degree N . Compared with polyhedral method, the elapsed time for N = 2 ∼ 6 is list in Tab. (3).
The results tell us that the computation efficiency of our method is hundreds to thousands times higher than polyhedral method, and this advantage is more prominent for shape models with larger number of facets and vertexes. As N increases, the computing time also increases slightly. So in the sense of efficiency, for Fig. 7 The basic programming procedure of coefficients generation and gravity calculation.
Polyhedral method is used in coefficients generation. Fig. 8 The profiles of relative errors at y = 0 (left) and x = 0 (right) near asteroid Toutatis, where N = 2, α = 10
• . The interior gravity is not calculated.
Errors comparison of orbit propagation with polyhedral method
In most situations, the computation of gravitational acceleration is used in orbit integration. It is interesting Table 3 The ratio of time consumption of our method to polyhedral method (α = 10 • and N = 2 ∼ 6).
Time consumption 1.0 7.6E-4 1.2E-3 1.7E-3 2.4E-3 3.2E-3
The gravity near the surface of asteroid is essential for proximation operations (includes hovering, landing and touch-and-go maneuvers) of spacecrafts. To show the application of our method in this circumstance, we have integrated 10, 000 orbits of ejecta particles randomly launching from the surface of Toutatis with launch angle of 45
• and velocities of 0.4 ∼ 1.2 m/s (the averaged escape velocity of Toutatis on the surface is ∼ 1.3 m/s) by using our method and polyhedral method to calculate the gravitational acceleration.
Only the particles re-impact on the surface are recorded. About 5% particles have orbit time larger than 1 day, whose eccentricities are so large that their orbit errors are very sensitive to the gravity. So these particles are rejected because they are not suitable for comparison. For the remaining 95% particles, the stairstep graph of position error distribution is given in Fig. (9) , where N = 2, α = 10
• or 5
• . The dash lines mean δ tol is unset while solid lines have δ tol = 0.01. We can see that, the precision has an obvious enhancement after the combining with adaptive octree division, in which about 94.9 % and 97.6 % particles have errors less than 0.01 km for α = 10
• and α = 5 • , respectively.
Another situation we concern is the stable motion around the asteroid. In most cases, these orbits are high enough that we can safely use harmonic expansions to calculate the gravity. But this will bring additional trouble about harmonic coefficients retrieval. Nevertheless, here we would like to perform the experiments only using our method. 10, 000 particles are placed in circle orbits with r = 4 km (about 2 times of the asteroid radius) and randomly picked inclinations and mean anomalies. The propagation is performed for 10 circles (about 5.6 days). Using the same parameters in Fig. (9) , the results are shown in Fig. (10) .
This time, the dash lines and solid lines coincide because the adaptive octree division of δ tol = 0.01 does not influence the domains where these orbits pass through. About 99.9 % and 79.1 % orbits have errors less than 0.01 km for α = 5
• and α = 10 • , respectively.
These two experiments conclude that, decreasing the cell size may definitely reduce the orbit error. For the orbits near the surface, using adaptive octree division is necessary and we can see it works well for the orbit integration. The orbit errors for N = 2, α = 5
• , δ tol = 0.01 are acceptable in some situations, such as Monte Carlo simulation, or preliminary orbit design. But if you still need a higher precision, reducing δ tol may be a good choice. However, please keep in mind that the rate of error reduction near the surface is very small as α decreases, which means you probably need a very high cost of coefficients storage to trade a little precision enhancement.
Finally, for a reference about the storage, if r min = 0.75 km, r max = 20 km, and ignore the cell totally inside Toutatis, the double-precision binary storage of coefficients is 54.7 MB and 7.4 MB for α = 5
• and 
CONCLUSIONS
In this article, we propose to use Chebyshev polynomials interpolation to increase the computation efficiency of gravitational acceleration near an irregular-shaped asteroid, in which the gravity of the neighbourhood domain of the asteroid is precomputed by computationally expensive polyhedral method and the interpolation coefficients are stored. Spherical division and rectangular division scheme, four interpolation schemes on different components of gravitational acceleration are both compared, and we recommend adopting spherical division and I4 interpolation scheme according to the numerical experiments performed on asteroid 4179 Toutatis. The spherical division we propose along the radial direction is not uniform, where ∆r of each cell is nearly proportional to the radial distance. It allows us to use our method to calculate the gravity globally for some orbits not too far away from the surface at the cost of not too much additional storage increment. The I4 interpolation scheme suggests represent the gravitational acceleration along the three spherical coordinates directions, and we only need to do the interpolation on non-spherical part with an extra consideration about the variation characteristic along radial direction.
After that we show the computational efficiency may have an enhancement to hundreds to thousands times for the typical asteroid Toutatis and the speed enhancement mainly depends on degree of polynomials.
The orbit propagation experiments are performed for 10, 000 ejecta orbits and stable midrange orbits. The results tell us that we can obtain a generally acceptable orbit precision by simply setting the parameters However, we also notice that there is an obvious balance between precision and storage amount of coefficients. And special concern is noted about the slow error convergence near the asteroid surface, this is a drawback about the Chebyshev polynomials interpolation, for which the violent gravity change near the surface greatly increases the interpolation error. The subsequent improved research should focus on this issue.
